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I. INTRODUCTION 

\ao object of this thesis Is the study of the filter formed 
by using terminated filters ( considered as two- terminal net- 
works), rather than the usual pure reactances, as arms, it was 
hoped that such a filter would exhibit unusual properties which 
might prove useful, ouoh as greater attenuation through a large 
band, steeper attenuation curves at cutoff, better impedance 
characteristics absorption of power rather than reflection In 
the rejection bands, and economy of components. 

Filters in parallel and filters in series have been previously 

analyzed , but a study of an arrangement like this has not 

been made previously, as far as can be determined. However, 

; (a) 

previous filter theory is used to derive the results. 

II. CONCLUSIONS 

The properties of the derived filters are most interesting. 

The properties of many do not appear to be as good as in the 
usunl 9 xjagGment, but in a number of cases described there 
are definite advantages to this new type filter. The most 
promising type is tho lattice arrangement of two- terminal 
terminated filters. This type can be made to have a high 
attenuation ovor a large part of the rejection band ( at least 43.5 
db * OV0r ot the band using KM* terminated arms ) . The most 
Important property, however, is that this filter has a constant 

*2,#6 refers to numbers In Bibliography, page 40. 

(a) HoXIwaIK and BRAINERD ( Reference 3 ) la an excellent nummary 
for the tee or pi eectlon type. The reactance curves are most 
-aeful. OOILIEHIN (Reference 2 ) well covers the lattice type. 



it® rat ire Impedance which ic a pure resistance to all frequencies 
pass or rejection . This moans that this filtor can ‘bo perfectly 
terminated, that there will be no reflections to the generate!* 
for either the pass or rejection frequencies ( which always occur 
with the usual filtor ), and that the filter itself will absorb 
the rejection band power* 

The tee arrangement leads to more complicated results 
than the lattice arrangement. Rejection band power is absorbed 
for only part of the rejection band. The iterative Impedance 
of the section depends on the iterative impedance of its aras 
and is not an easy function to match. Whereas for the lattice 
type, low-pass arms always rooult in a high-pass filter and 
vice-versa, such is not true for tho too typo, ab an example 
of th9 tec typo, lew-pase series arias of pi tormination and 
a low-pass shunt arm* of the tee termination result in a 
high-pass filter. However, low-paea aeries arms of tiio tee 
termination and a low-pass shunt arm of the pi termination 
result in a band-pass filter. 

Hence, wo have the unusual rosult that given two low-pass 
arms of t9e termination and two low-pass arms of pi- termination, 
we oan construct 

(a) a high-pass filter (using lattice arrangement) 

(b) a high-pass filter with different cutoff frequency 
than previous filter (using tee arrangement with pi terminations 
in the series arms) 

(c) a band-pass filter (using tee arrangement with tee 
terminations in the series arms) 
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(d) a low-pass filter (using the arms In conventional 
manner) 

by switching alone. 

Even though this now filter uses many components (22 capacitors 
and 22 inductors for a lattice with KM* arms, or 10 capacitors and 
10 inductors using ni-dsrlved arms) it may be considered to have 
economy of components in some ways because of (1) the constant 
input impedance of the lattice type and (2) the flexibility of 
types that can bo constructed with the same arms. 

!n all the above cases it has been assumed that the cutoff 
frequencies for all arms la the same. For both the lattice and tee 
arrangements an investigation has been made of the affect of 
different cutoff frequencies for the shunt and series arms, it is 
shown for tho lattice type that the attenuation is lovr for the 
interval between the cutoff frequencies of tho arms. For the tec 
type the attenuation is not affected adversely, other than shift 
of cutoff frequency. 

The attenuation characteristic rather than the phase 

characteristic ha3 been emphasized throughout as tho attenuation 

*1 

characteristics determine tho phase characteristics . 

Tho theory of this paper can be extended further; i.e., by 
using filters heroin discussed (but not the lattice typo) as 
arms of other filters, but this has not boon investigated. 

THEORY 

The use of two-terminal terminated filters as anas of the 
filter results in arms which are apparently resistances to 
eome frequencies and therefore (since they are terminated in a 



resistance) absorb that power, and apparently reactances to 
other frequencies. By leaking the ahunt and .icriea arms inverse 
networks, tho reactance of tho ahunt arm will always ho of 
opposite sign to the reactance of the aeries arm. If those arms 
are placed in a lattice arrangement we will ha. r e an ail-pass 

network for those frequencies at which the arms appear to he 

(a) 



reactances 

To simplify the diocusaion, all reactances aliall be assumed 
pure. Further* it shall be assumed that the input impedance 
of each arm (each arm boir^ a two- terminal filter) is equal 
to the iterative impedance of tha- type ar&. i’hia cmi be 
achieved theoretically by making the arms Lava an infinite 
number of sections, or more practically by assuming each am 
to conaict of only or.a section properly terminated at its far 
end, using a terminating section before the terminating resistor 
if necessary. bit.h real! cable terminating sections tills will 



lead to only small errors over most of the pass-band of the 
arms. Appendix A illusti'ates all typos of arms that will be 

discussed. 



*3,p320 




Fig.l 



where K is the square root of the product of the total series 



(a) see Appendix C for proof that attenuation is zero when shunt 
and series al?ms of lattice are opposite reactances. 
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and shunt reactances of the section* and where P a is *tha 

total series Impedance divided by four times the total shunt 
(a) 



imoedanwe 



The iterative impedance of a pi se ction is 

&. 



(2) Z 



/l 



\j 




Fig. 2 



since we assumed Inverse networks (and constant-K sections), 
bet us now consider & lattice section: 



er a latt; 

Aawv^AM- 




-avvvvvvvvv 
21a. 



Pig. 3 



The attenuation 
(3) ' 



of a l attice section is 






or 

(4) J - f~^^ { lf 

where 2 a and 2^ are like impedances (both apparent resistances 
in this case) ^*p239^ 

bet us now place the described pi terminated filters as the 
series arms of the lattice and the described tee terminated 
filters as the shunt arms of the lattice. The attenuation of 
the lattice is then* by (3)> 

I / Klfltfi* 

(5) ZXX (f j - jl K - 



(a) see Appendix B for meaning of all symbols. 
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providing I » If y I s 

( 6 ) -r, / /*L| - 7 — Lzzzz r 

V^y V t + Fo *6, p2 38 

The Iterative Impedance of any lattice I a 

(7) 2, - l/zlzl 

Therefor© the iterative impedance of our lattice is 




Thus we 3©o the Iterative Impedance is a constant in- 
dependent of frequency. 

AS speoiai cases of the lattice type, let us consider 
the tee and pi arms to he constant-K, low-pass, Then 

, u> L, 

(9) - SZJZ - - t u/V-C 

' * ' ° * $ '~ ,c ~ 1 

Therefore 

< io) To. i (4) " l/T^Z^tZ 

this equation being true, of oourse, only when the quantity 
under the radical is positive. 

Figures 4 and 5 show the attenuation arid iterative impedance 
vs. frequency for this type filter. The attenuation curve is also 
shown in Plate 1. The attenuation curve was computed using (10). 




Fig. 5 
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As another special u«*»© of the lattice type, let us 
consider the tee and pi arms to he con&tant-K, high-pass. 
Then . 



ui) f D -- iftz 



i 



'Vcu'-^c 



Therefore 



(12) ZuX(^) ; (// “ y-'xTi 

this equation being true only when the quantity under the 

radical is positive. 

Figures 6 and 7 show the attenuation and Iterative 
Impedance for this typo filter. 




z, 



uz 



K. - 

Fig* 7 



Us 






It can be seen that for the lattice, using constant-K 
arms, shunt and series anas being inverse, attenuation will 
always exist when the arm input impedance appears to be a 
resistance (pass band for the arms), and only then, no matter 
how complicated the arms. Thus band-pass arms result in a band- 
rejection filter, etc. for this lattice type. 

The attenuation of the two previous filter®, using tee 
and pi arms, was low near cutoff, and in fact rather low 
through most of the attenuation range, but had one pole of 
infinite attenuation, since 

(3) z*x (* j -- f*t 



and 



(13> / - oo 

to make a. bettor attenuation characteristic we need to make 

Z * 

be as near 1 as possible throughout the pa 33 band of the 

arms. Arrangements of the a- derived typo filters will accomplish 

this purpose better than the coii3tant-K prototype. Curves of 

the mid-shunt i tor a Live impedance of a nld-sorloo a-derlved 

* 2 ** 3 ,* 4,*6 

type filter are given in a number of references 

and this same curve can be used to illustrate the aid-sarlos 

*3 

iterative impedance of tlio wild-shunt n-derivad type section . 
Further, the product of the aid- shunt iterative impedance of 

the mid-series m-derivad type section by the mid-series iterative 
impedance of the mid-shunt m-derlved section equals /f v . (see#3 or 
Those two networks are thesefore inverse and to those frequencies 
at which the iterative impedances are reactances, the reactances 
of the two will be opposite in sign, as desired. 

The aid- shunt iterative impedance of the series-derived 

*4,p2V? 

m-typ© section is 

(W) Z+ - [<y 0 — Va 7 



The mid-series iterative impedance of the shunt-derived 
*4,p251 

m-typ® section is 



95) Z L • 



A s it 

\ t' i -t ' “ c 

/ t 



If wo place the 
of a lattice and the 



terminated filters as series arms 
terminated filters a 3 shunt arms 



of the lattice, 

(is) 




L / t (* 



K « j 










The attenuation 
{ 17 ) ~ 



CJy 1 ft — 

/ iKffT: 



-hi / ' ^ j - / * f j ' 

^ ^ If -f ( « *&'?)('<> J 

A . , v v /*>*• -- . __ 



_ fi+^. 



ii 0~*«yPo 

Vo oee that, a netf pole of infinite attenuation ie intro- 



duced when 

( 10 ) 



Ju±& 



= 1 



! p„ 

and t-hio second pole can he moved by choosing re, 

Plate 1 shews attenuation vs. /fa for several values of a 
as a parameter, i’iiojo carves could have been calculated using 

(IT) but vc re actually calculated, for convenience, using 

» 

curve 3 of mid-shunt iterative impedance of the mid- scries 

m-derlved type ve. p t as given in Terman «6,p233* This can 

~2 * 

be done because this curve gives Zl or vs. /© , and 

r — r } *•* 

: -i 1 - * i Z t-' _ > ; Oihh K*?* -A ; ordinate if ordinate 



or 



(20) = 






aJL bi rci-i. / 



OP?M*i7iT y 

Using a small value of m we can obtain an attenuation pole 
as near as desired to the cutoff frequency, but ifhen m becomes 
vory small the polo becomes very narrow at its base and the 
overall attenuation suffers. Values bet wen a 73 and m 76 seem 
reiy good. In the usual filter theory the value of m is usually 
decided, at least in terminating sections, to give the optimum 
iterative impedance. In this lattice arrangement the iterative 
impedance ie r - — — — 

(al) z x \!nr% ■ — — — < 

h V t ^rr V hit -sx?)Po fJ7K~ 

a constant for all frequencies not affected by the value of a. 



Ths attenuation of the lattice type filter can be improved 
further by the uce of more complicated arms. Since "Theoretically 
with dissipation neglected, the solution of the terminal wavo- 

f liter impedance problem can oe carried to any degree of 

proximation dosirod toward a constant resistance terminal 
imago impedance in all transmitting bands u *>7 with one lattice 
section we can approach infinite attenuation over the entire 
rejection band (Pass band of arr.a) to any degree of approximation 
The KM* type of armc seems to be th® moat complicated Jtypo 



that is economically realizable* though 2obol describee MM’M* * 
and more complicated types* In all of these more complicated 
types It is still poseible to real!?,© inverse networks and in 
Shea it Id proved the mid-sei-ies imago impedance char- 

acteristic of the shunt-do xlved Kh 1 structure is inverse 
to the mid-shunt impedance of the .icrieo-dcrivod structure. 
Sinco the MM* termination can be uo signed to give t'n iterative 



impedance constant to within 2J> over 97% of the pass band* 
using the reasoning of (19)* the minimus attenuation over 97,3 
of the rejection band of the lattice filter in 



Plate 1 shows the attenuation character! r.tic of a lattice 
with mm’ terminated filters as with m~. 7*30 and 

There are three poles of Infinite attenuation. This curve could 
have been computed in the manner of pro vie ur curve p, but for 
convenience th® reasoning of (19) was applied to the iterative 
impedance characteristics curve of the MM* type as drawn by 



*2,p351 
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gobel on page 314 of *7. 

Examination of Flat© 1 shows that a lattice filter with 
MM* arms is little or no more efficient than two lattice 
sections with as-derived anas (having perhaps different m* a), 
and actually one section with KM* arms requires 2 more capacitors 
and 2 more inductors than two lattice sections with m-derived arms. 

It has been assumed previously that all four arms of the 
lattice were of the same pass- type (i.e., high-pass, low-pass, 
band-pass, etc.) and had the same cutoff frequencies. An 
interesting problem ie the effect of different cutoff frequencies 
for the shunt and series arms. Previously a single frequency 
saw all four arms to be resistances, or the shunt and series 
anas inverse reactances, with different cutoff frequencies, 
however, there will be frequencies at which the shunt (or series) 
arms appear to be resistances while, at the same frequency, 
the other arms appear to be reactances. Let us discuss this 
problem for the following assumptions: 

a. The series arms are the low-pass tee type, terminated, 
and contain and C, • 

b. The shunt arms are the low-pass pi type, terminated, 
and contain ^ x&nd 

The cutoff frequencies of the shunt and series arms are 
different and are related by 

( 22 ) ^ 

Now (23) U/ '~' ~fh?, ^ 



' (24) 

• '< (25) 



1 %, 





If ws assume^//,// , below u/ c ^both arma are resistances. 
Between 6</o, and La; ^ u the series arms appear to be resistances 
and the shunt arms reactances. Above all arms aPP©*** to be 



reactances (shunt and series opposite). 
Let us define 
( 26 ) 

B«low u>. 



f r ZU- 



oa- 



r __ V ns, 

(a7) r-fb 

I- / 






V‘ 



--J£ ( I +/?) ( < ’*) ,/r (l-L, ^L, c.) '(> ^ 

by assuming n / , with no loss in generality, other than a 

'»iu 1 

constant factor in particular, in this region the attenuation 

is 

( 28 ) 

and v. see the attenuation Is infinite at - o and zero 

at lM ‘-\ 



Jt*JL (% )= < ' - 7 ^ C 'J ^ ^ ^ C ‘) ^ 



The iterative impedance in this region is 



(29) id - jj/<, I'JT a ™ 









fi-fr 



Uj 
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The iterative Impedance Is at ^ = 0 and infinite at ' Vc •*- . 

in the region series arms appear resistivf*. 

the shunt araa reactive, and the reactance is a negative 
reactance. Hers 
(30) ^ 



« z )HjLs* 



it - ^ 1/ * 

V- 4 ln\ rd IZ.-I 



- / ; I / / _Zs / - ♦ , 2_* 

V ll -^1 ~ ^ *V t- 



in tills region 



c . >r — r 

t5ii z^r i£.z^ -' Dk kJ/Tpt y, '< Ki - 

-- f^7 C” *— ■ C l 1 * L-vj-' 

i‘7s7^% c ,~U U ~ 



Thus her© the iterative impedance is a complex number* always 



having an angle of -45°, and varying in magnitude from at us^,^ 
to zero at Returning to y we see that it is a complex 

number and hence the attenuation is not given by (3) or (4), 
and therefore the formula for attenuation must be developed 
for this case. 

*2,p379 

The transfer function for any lattice is 

(32) , X f4',y 

Since it is more difficult to find tho r JaJ part of the 
tanh # of a complex number, the log form will be used. 



(33) t *■£“[ |-' j 






/ l * 



iS 



vtifti-U 

— 9 V 2 - 

-£=- - 1 f ; <?- / 
*•*- ^ t'x.i 



now if 
(3 4 ) 
Then (35) 




■=< ~t ^ /2 - ( /) fj. Q) 

X - //v?- - (4 2 t/2 y ) 



(See *5t 



Therefore In this case 
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(3 6)o< 



- -X / 

— V. 









1 



/ , f te'-jlLlt L l i - .1 / i „J£!.h.L 1 

; I fy | ' ■»- """'/_ 



Therefore when 4 ~ c<y » <x r o and. 
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when » X r O * Therefore there must be 

some valuo of y Q that cause® the maximum attenuation in this 

range. in Appendix £ it la proved that this value ie^ p - / . 

{/ 

Therefore the maximum attenuation in this range is 

(37) o< = i ( -- -£ 

The actual value of 7.64 db. will be reached only for vory largo 
or small k f s, however, ao^ dees not necessarily pass through 
the value of 1. 

The attenuation above ^/cfWill be zero, as the ohunt and 
series ar.ns will then appear to be opposite reactances. 

Plata 2 illustrates the attenuation of the lattice filter 
^hen • (b) and 

We have yet to determine the iterative Impedance above • 
The iterative impedance in this range is 

( 39 )^ s fuZ+ ^K, ' ' 



* f 



*• W fa- 

Fig. 8 is a sketch of the iterative impedance. Tho roal 




Fig. 8 
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Let us now Investigate the filter formed when the arms 

are arranged as a tee rather than the lattice of previous 

discussion. This case is more complicated than the lattice 

because a tee structure is not an all-pass structure when 

series and shunt arms are opposite reactances. The tee will 

attenuate as did the lattice when all arms appear to bo resistances 

but for a portion of the frequency spectrum when arms are 

reactances, the filter will attenuate again. There also will 

be a portion of the frequency spectrum wherein the reactances 

combine to give a resistive iterative impedance with no attenuation. 

There will be attenuation when or . Attenuation 

v \ *3,p296 

will be zero when With constant-X type arms 



we can have 



arrangement of either 





Fig. 9 

The results will not be the same for the two figures. 

First lot us assume the arrangement of fig. 9. Then 



(39) 



f - 



> us qssume th e ^rran gement of fig. 9. 



V Zr 



/ / 



( fit**) 



*/k nTtt 

As a more special case let us assume the arms are low-pass. 



From (9) 

( 40 ) / 3 > - “9 i'j'-LC 

Therefore 

(41) ~ 2 -(/- ~e,^jLcJ 

The cutoff frequencies exist when and/ 7 -*/ • 
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When 



(42) O - 



/ 

J.(i- 



w© ee© ' cX> Is a cutoff frequency. 
When 



( 43 ) - / * 



/ 



2 (t 



lAS ~ 



nr 



<~C_ 



Below all arms appear resistive, therefore Is 

# 3# p297 

positive In this range and then 

(44) (p{ ~ X ^ ~ 'l M+U . - ^77~^c- y v7 



v> 



When 



*'/T 



Us-^> pp>\ ~ 2 / 



~ // V /— 

/ * * * UKS\' 



, . *3»p297 

For g\ > , A'-A and tton 

(45> C ^._" i ' !/- , - 2^'ui '\l -i - 



/ 



For uA /^le between 0 and-1 and the attenuation is zero. 

*3,p286 

The iterative Impedance of our eectlon io 



(«> Z 



For low-pass anae, • 

( 47 ) 2 " If ^ S' J~- ± c* 2 tc 



/ 






When U/~0 9 ~Z~h'b r 3. further, O when Vr£ • ^ or l^S® 






Z. — > ^ /jl . 



Figures 11 and 12 show the attenuation and iterative 




Fig. 12 
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As another special case using the arrangement, of fig. 9 



let us assume the arms are high-pass. From (11) 



(48) P o - 

(49) f = 



x 



Therefore 



Cutoff frequencies exist when /Q? 



and r -/ . when 

\ 

(50) o - ' r:"bri c ^ • £ and when 

M' ; 



(51) . 



/ 



x 






4c/ = 

Above t — /? is positive and the attenuation in this 

x t/Zl > r 

range is 

(52) o< a X P r X<U^f>JC l \j 

For thorans, i^<Kzfe 

(53) o{ = 2W - 



J./, -i— j 

v 1 v^ 4 cc.y 

_ I and the attenuation is 



(/~/ ^ <U I/ -/ Xh-zrizn sxj 

For the range ^ q and the attenuation is 0, 

The iterative impedance of the section is 



(54) 2 ='T[/T 7 ~ 



£ 

fV‘*5> 



y 



«j/ *+ 



i 



y ic/ *t c 

VJhen us ~oZ ? for uj-^>oo , ~2~f fdQ . For the range 



- — < uj ^ 7~i- the iterative impedance is an inductive reactance, 

fTTc x 

Figures 13 and 14 show the attenuation and iterative 
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Let us assume the arrangement of fig. 10. Then 



(55) 






ZZ r _ )/"<•. 



V2 






L ( 
2 - ( 



hA ) 



As a more special case let us assume the arms are lovr-pase 
Therefore 



(56) P - i ( ( - ~ u ,'-t_c) 

The cutoff frequencies exist when / a -~o and - f . when 

(57) 0-4 ( / - -L c 'tc ) 



J- \ f Y 

we see Uj ~ la a cutoff frequency. When 



(58) 






we see U- j - ls a cutoff frequency. Below us 



-=r all arms 

lTZ<~ 



are resistive, hence P Is positive and 

(59) c< - - X ' ']/ ~L f / - i~t~ 

For the range j/73~ -/ <^<( o ***£ tiho attenuation is 0. 



For the range ^)yu, . rc-i 



and 



(60) o{ - J_ ,^2-^-r j — / ~ i/~) ~ ~x ( i ' y o *4 r ) 

The Iterative imned&nce of our section ia 



(61) Z " j/ 2 2- 2 r / y is l ( * /( [J Jrv* * /< j/j- -t 

Figures 15 and 16 show the attenuation and Iterative 



uSL C 
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Aft another special case using the arrangement of fig, 
10 let us assume the arms are high- pass. Then 



(62)^ i ( / tA) ^ -i (, 



t 



) 



The cutoff frequencies exist vfhen/?_r o and /* ? - / . When 

(63) o ~ X ( l - yZ yz c ) oo - rrfe whan 

(64) -I i (I- 



— - — ) 



i 



For the range 



4o ' i — — — — 

V i' C- 

and 



^<(7lfc V 

(65) of, z ^ ^xZ-Zi - ' \fZ^Zp> - i -u..,/ *'/-/- i (/- -Xv.c/‘ 



For the range y Lt J ~2 — and the attenuation Is 0. 

| / uc ^ / 

For the range — „ 4 a=g r the arms are resistive, P is positive, 

and 






(h6) 0\ - ij /& ~ 2. j/ X ( ! ~~ f^TTc ) 



The iterative impedance of the section is 



(67) z ~ K fj77o - K fi 



X 



*/ c 

Figures 17 and 13 show ths* attenuation and iterative 



impedance for the arrangement of fig. 10, using high-pass arms, 





Since for the lattice wo investigated tho effect of using 
m-derived. terminated arms, let us now for completeness sake 
investigate the effect of in-derived arms in a tee arrangement. 
We can have the arrangement of either fig. 19 or fig. 20. 



2 J 
** ^ 

r^T/n 



r; 

It 



^ - 7> 
T£'t+\ 



Fig. 19 

For the case of fig* 19* using (14) raid (15) » 

K [i 1 (*"*■ >i] 
r 77^> 




UjL 

(60) P” i,7J 



(j t( V^JI 






-i ( it/* o 9 



(69) 



[n ii *>/? J 

—? „ i j, — ’ _ /. ?/T” , j 

'*- ■* \ j/ /. -( [ \ f 3 o) ' y - r / tP* 



As a special case of fig. 19 let us assume the arms 



are low-pass. Using (9) then 
(70) /? - - 



i ( / - -i klj 

9~ 

(71) Z r ^ 



and 



{ 4 (>'">* '}(- T t tw } ^<)1 4 

i'' ^ r / 7 X c 

As a numerical example using s .6, it can ho seen Z ~ 

— y £ f jL4> C* 7# 

when Uj - and °0 . Z - o W hen ^ s XTZ. or • 

Figures 21 and 22 show the attenuation and iterative 



impedance for the arrangement of fig* 19# using low-pass 
m- terminated arms, with m -•6. 
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It should be noted the attenuation at Us ~ 6 is the same as in 
fig. 11, but here we have a band-pans rather than the high-pass 
filter of fig, 11. 

Let us consider the case of fig. 19 when olis arras arc 
hlgh-pa,'?s. Using {11} * (68), and (69), 

- Q. + ('•"•->( ~ ^ryiJ T 

(72) -rbzzl-- 



(73) Z ~ K 



r ; i ( /- -s -1 '} ' - - — ^ — - i 7 

2 f- 2 y - U 



f(- v <. 






As a numerical example using m .6 it can be seen when 

^ ' T^- O * ~ ~ — 



i lT<- u ~ ° 

and . when 



/,j - 



2 jf ( 



Figures 23 and 24 show the attenuation and iterative 
impedance for the arrangement of fig. 19# using high-pass 
m- tormina tod a rna, with m .6. 
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Fig. 24 



For the case of fig. 20, using (14) and (15) 



2 Z- _ -JtJi-ueL 
(74) ^ ' AziL'"' 'v A 



/ / - ,J 



r o 



7 1? 

(75) Z , , 



L ZjU*LL ~/Z J J 'J 



■/,/ / {/ -^ > '}/?. 1 



V / A 



(r 2 < / lY' ^ 



/ -n, 11 ^ - — 

s }/ ' £ ) i ~ st* 'j *rj 



As a special case of fig. 20 let us assume the arms are 



low-pans. 


Then 


f 

' - r. 


t-' J 4C 




(76) 


/I - 


‘A/ / / , ~ 


V,;' * i.Uij] - 




(77) 


z. - 


\ ij <- + 


/• 




#"< ■ 9( j 




Ao a 


numerical example 


using m #6 it 


can he seen 21 ~ ^ 






2 ,</ 



when cj- and 2 ~ 0 when Lv : ~z=L or y~^ , 
t*~c. 

Figures 25 and 26 show the attenuation and Iterative 
Impedance for the arrangement of fig* 20, using low-pass u*- 

5 

terminated arms, with nr .6. 
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Fig. 25 
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Let ue conoider the cans of fig. 20 when the arms ai 1 © 
high-pass# Then 



(75) f - 
(79) _ 
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As a numerical example using m.,6, it can be seen ^ - <?o 

> JL / 

vhent*/ - £^^.ar«i Z - s when u/ - 3 L/v rc or ? ^ « 

Figures 27 and 28 show the attenuation and iterative 
impedance for the arrangement of fig* 20, using high-pas® 




be noted that at one end oi* the attenuation hand the attenuation 
approach© ji 

(80) <X " 2 1 ff* 2. <<u**yx~'l/ ~L - //. y gCsC*" 

which is much lower* than ie to bo desired. However in all thcas 



cases the assumption was made that th® K of the series arm was 
equal to th® K of the shunt arm. By removing this assumption we 
can obtain a method for making tho attenuation as high as 
desired at one end of the attenuation band. Defining the aeries 
arms ac arms 1 and the shunt arm as arm 2, lot us ag<*ln investigate 
the attenuation of th® arrangement of fig* 9* How 



(Cl) S°- 



— 2 , 7 

V2 r 



l/Tf _/ 

VAd.^7^. * ' w ' ^ /// ^ 



l 



in that part of the attenuation band in which we are 
presently interested in increasing the attenuation, the arms 
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appear as resistances and the attenuation is 
CK Z- <Usr^AT \Jp~ 

Therefore to increase q( in this range we want to incre a se ^ 
as ^approaches 0 for the high-pass filter or as ay approaches 
oO for the low-pass filter. For the high-pass filter (low-pass 

arms) / 

/O — J- LZl jil—i 

( 82 ) / /<* )j i~ ^uxL s c x \)f^x uJ-t-iS-TL. 

and as Us ^ o * p ^ » and 

For the low-pass filter (high-pass arms) 

_ Z. & * 



(83) Z 3 



2 . 



A 2- 



' y'£*L T t l “ vt^C^ ; 

and as ^ -> Z •&. # and c* |/i as for the 

high-pass filter case. Therefore by determining the ratio 5L 
we can make ^approach whatever limit we please as o , or 
as Us-? cP , as the case may be. now 

(84) /Kf ~ f'e-v^-.-oc- /s - s f 

but we are not completely independent in our choice of L* s and 
C*s as we still must moot the requirement that the cutoff 
frequencies must be the same. For the low-pass am case 

( 85 ) ~ < Uyt x ~ ^rrr ” ^ 7 ;; or *7 

For the high-pass arm case 

(86) or c * ~ ^ ^2— 
as before. These are the only conditions the L* s and c*s must 
meet, however (other than the desired impedance values), hence 
even fixing (86) we can pick any arbitrary values for (84) 
providing we accept the impedance characteristics. 
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Investigating the impedance for this case, instead of 
(46) we have 
(8?)2 

Because of (85) 

(88) /f ~ _ Therefor e 

(89) Z-l i A', .fi. -f r— - ^ / 2 . -tH . rothar than 

, -i_ i ~Ht°, 

(46) z. = K \/x f _2_ 

For the low-pass arm (high-pass filter) case then, the 

impedance curve will still have the general outline of fig. 12 

hut the limiting values will he different. The value | Ik'Ku could 

}<, 

be chosen independently of ^ if (85) did not apply* let us now 
Investigate the offset of different cutoff frequencies* 

let us assume the arrangement of fig* 9 to investigate 
the effect of different cutoff frequencies of the shunt and 
series arms of the toe type filter* Define a series arm as arm 1 
and a shunt arm as arm 2* Assume ^ i .-A , where k is a 

constant* v/hsn ~ ( previous argument would hold* ftow 

jL x 

(90) r ^ ~ TfZc^ • Therefore 

(91) *~ i . ~ y 4 ^7 

For convenience of explanation assume ^ ^ / or . 

Those frequencies ^ ^ ' C( see fig* 29. Those frequencies 
U/t * ,,w ^ u 8oe fig. 50. Those frequencies u/ see fig. 51* 

It Is obvious fig. 29 will cause attenuation. Fig* 5 0 will 
cause attenuation in some manner we have yot to determine. 

Fig. 51 is a high-pass section, so we suspect it will attenuate 
for some frequencies and pass the rest. 
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Fig. 29 
( 92 ) ^ 



Fig* 30 



Fig. 31 
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For simplicity assume -1 ~ / . row 



X ^ 

l / 1 f* t 

! AT *. / / r/^j 
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*■ •'27^ ^ / 7/^; 



(93) A - -r <-■ 

(94) A - ' 
Therefor© 

(95) Z 3 " 



and 

4 

» 

v/**- 



\J/~ ±l/^L,c t \[7T^ZZ I 



In the range i*j ( t a ( , r li a positive numb er and __ 

___ f 1 

(96) 'A - >/> - - -•• 

In the range ,^is a complex number, actually 



(97) /5 =: 



- pure imaginary 



roal x imaginary 
The heavy P will designate the fact that it is not a 
real number, and the light p will designate the modulus off* . 



is 



In the complex case the attenuation for the tee arrangement 

*3 *P ^Z?2_ 



(98) d ~ <U'*tC''[j 

where Is the angle of P . 

m our case ’• ■' le 90° hence (98) reduces to 

(99) °( " *(U and In this range 



(100) j£> - 



H 












2 ? 



Above ^ is a negative real number and we can return 

to the symbol p • Her© 

uoi) p r - ± r?r~ hn : 
r \) i c - / r/ _ l~ *** 4,c-/ 

(/y V< {/ y/jK * * 1 

For any frequency 



( 102) ^ r|/lZ r Z 



r t^ ) '' - if~r /r ^T : 

V "i/ l / t, l-i l w%c ) 



For 



(105) Z r ^ T /'f— ~ < . - * , 

A® a numerical example , plate 3 shows °( vs. ^ for the 
high-pa so filter when/? = / and^' . it Is, to be noted 
the new cutoff frequency of the shunt ana had no harmful 
effect, other than the shifting of the cutoff frequency of 
the filter to near the cutoff frequency of the shunt arm. 



Fig. 32 is a sketch of the iterative impedance for this 
case when Ji -Z • The impedance is complex between ^ C/ and 




Fig. 32 
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To conclude the thesis three cases will be discussed to 
show, partly, why it was concluded arms of both the lattice 
and tee type filters should be all of the same pass- typo. 

For the first case let us assume we have a lattice (fig. 
33) with the series (no. 2) arms high-pass with pi terminations 



and the shunt (no. 1) arm low-pass with tee termination. 
Assume the cutoff frequencies of the arms are the same, and 




Fig. 33 



(104) ~Z T ~ K. [rfO -Kyi-W*\ 

(105) Z-rr = - -=_*£=== 

{/’O' A V l u Cx_ 

For the cutoff frequencies to be the same. 
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(107) 


L-z £■% ~ 
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Therefore 




(108) 


t "H * ( 




' (i ' i ^ 





and 



JL 



to 



Ky 



V 



‘/I 



The quantity under tne radical- will always be negative, 
therefore y is complex and its real and imaginary parts are 
equal. (30) and (36) apply, 

(109) <*«. - (£4^4 c , + 



•) 



% 

Therefore 

(110) o( - f 



J±_ 



u.^c,c, 



x y* 




i 
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Examination of this equation shows ^r 0 whan Uj* 7 ’^ * the 

cutoff frequency of the arms. Also, ^ _> 0 when or 

Appendix D proves the maximum attenuation given by (56) 
is when t - / and (37) proves the attenuation is then 7*64 db* 

j a ~ 

The frequencies of maximum attenuation are 



( 111 ) 



± 






v 



</ " ' t U.L/L-;. 

0 i 



-2 - { 



th* solution of which is £ . v v 
Pig* 34 Is a s&etch of the attenuation for this filter. 
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As the second case let us assume the teo of fig* 35* with 



series arms high-pass pi terminated and shunt aria low-pass tee 
terminated* 
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Fig. 35 
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(112) z r - K fir* 

-7 X 

(113) x.r> - 

P ' y if p '/'iTA ~ x l77^ fiT^l = 

Assume tho same cutoff frequency for both arms* 

(io7) ** c * * rt 
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(115) P - d , - 

U, <-, - C~i,_ 



Therefore 






Below 



A 



v_ 



(XI &) f& (y^) =• 

Above Uji , ~ 

(ii?) p - - , (yy - cn - — y~~*d 

Kenco^gJ ie always a negative Imaginary, and 
(J-9) d - f dJ where 

( 118) /0 - ... ■' 1 , - ■— p- — .r ^ T 

**ig. 36 is a scotch of the attenuation. There is no pass 



band. For this caso 
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l> ^ v >* ^ /# J _ , r v f -7 
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( 119) Z ' 1/1 2,7 *7 .. 

f-v ^ 

The impedance is a complex number for all frequencies except 

X 

2-K at t*>- o . jt has an infinity at ^ • 
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Fig, 36 






For tho third case let us assume the tee of fig. 37 » with 
series arras high-paue pi terminated and the shunt arm low-pass 
pi terminated. 
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Fig. 37 
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( 122 ) Zj_ = J/ 7 T 






(123) 
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yz.' 
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■fc-isfi. 



- j . ip- j_tL±it 

v ^ ar- 



^ H < 



V / *"* g i/*' * ) 

p ie a negative imaginary below wt and a positive 



Imaginary above Ut u . (98) reduces to 

(99) :• ~ TfP 1 ^; ^ f 

for all frequencies because the cosine of a negative angle 
is equal to the cosine of the positive angle. Hence 



(i 24 ) /^ r L y — — ~ — 

’ c / 2 
This expression appears indeterminate attov==v but can be 

r / 4 " • 



♦ * 



evaluated by differentiating numerator and denominator of the 

4. 

quantity under the radical to give, at ~ f 

_ / * * 

(125) P~i- 

(125) 2 -- j/ -2 Z, 2, V ^ 

The impedance is a complex number for all frequencies except 



/ 



Z-K at U*- o, it, has an infinity at 



- h. 

#Tv 

Fig* 3 & is a sketch of the attenuation for this arrangement- 



The attenuation is zero at zero frequency and Increases to 
Infinite attenuation at infinite frequency . 
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Fig* 3S 
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APK2KDIX A 



2X1*33 OF ARH3 

The left terminals join the filter. The right terminals 
are connected to a terminating section which is connected to 

a resistor. See #6 for numerical values. 
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Tbe remaining sections may he connected to the resistor 

without any other terminating section. 
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APPENDIX B 



SYMBOLS 

Symbol Meaning 

^ Attenuation, nepers, unless specified db. 

Phase 

Transfer function jf ' qf t ^ 

One- fourth ratio of total series impedance of filter 
section to total shunt impedance of filter section* 

A complex /* . Then is the modulus of P . 

One-fourth ratio of total series impedance of arm 

+ 

section to total shunt impedance of arm section. 

The phase angle of P 
Angular frequency 
Gutoff angular frequency 
A constant 



a 

r 

f 

e 

a 



u; 

O'* 

k 



K 

J 

Z 

z a 

Z L 

z n 

z T 

Zti 

Z} 

zn 



S quare root of product Z.£y> 

j fj^ ,fZ l 



Page first used 

5 

13 

13 

15 

26 

4 

26 

6 
6 

XI 

4 
12 

16 

5 

5 

6 



zHI or 1/ 2 Lt- of a lattice section 
Iterative impedance of derived filter section 
Total series impedance of arm section 
Total shunt impedance of arm section 
Iterative impedance of a lattice section 
Total series impedance of any filter section 4 

Total shunt impedance of any filter section 4 

Iterative impedance of an arm, with am arrange# as tee 4 
Iterative impedance of an am, with arm arranged as pi 5 
Mid- series imago impedance of shunt-derived m-typo 8 

Kid- shunt image impedance of series-derived m-typo 
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APP2KD IX 0 

Proof that attcruxatlon is ?ero v/hon shunt and merles 

arj3B of lattice arc opposite reactancas. 

* 2 ’,p 379 

For any lattice 

/ /l 1 ! t\ 

<»> ! uTrT t l 

\ t ' / 



But wo asnuma that and are opposite reactances, or that 
7 

0>) aX. 



/:<- c 



«-* . 

U> 



- / 'life- U/ J ~i3:i 1 
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If r -^ r '-( , then 
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Finding maximum value of % ^ ' 

Differentiating and setting equal to zero: 

- ■ * '/v/v * - ^ > * ' o ( -y > - * (y^' **> * o 

' 2 ?> v *'J (*’/■->'>) V*.«- iO 

■X(j y - -If p . 7 / ../n f/ys 

-n r£ y,v / y / y e - j’cr 
2 a g, v _ y y ./ i yi - « 



-- -v/s^.vyy/ 



/- y. 



K _ 






Y' /' 



* A- - Q 



£3 



Y 



. / _/,■ 









/ j i » -/ ~ o 

& 



The real roots of this equation are ‘1* T ^ * and J* T ~f * 

proof* ill v/ ~ */ *■ > _ 

^ roor* ~~ — — -i ,1 ( 

We are concerned only with the value f* 1, however, because j>owas 
assumed a real positive quantity when defined. The maximum 
value of our expression is therefor©: 



/ / / 



0 ~ ^ * >) 
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l/T) 
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